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ABSTRACT 

The measurement of the principal pclaiiaabllities of molecules is 

a useful method of studying their structure. Previous work has re- 

sulted in a relationship between the polarizabilities of large molecules 

and that of their "statistical segments'. Values for the polarizabilities 

of the segments exist in the literature* 

This paper is concerned with the calculation of principal polari- 

zabilities of polymethylene hydrocarbons in terms of more detailed 

structural features; that is, bond polarizabilities, lengths, angles, 

and restricted rotation potentials. A tetrahedrol lattice model for 

a polymer chain is used, and the polarizabilities for each configura- 

tion of the polymer are calculated. These are averaged for the cases 

of (a) equally probable orientation about the (c-c) bond, (b) preferred 

trans orientation, (c) steric hindrance, and (d) interaction between 

distant portions of the chain. The calculation is carried out for 

chains up to 6 bonds long (heptane). 

A comparison of the predicted polarizabilities with those ob- 

tained from light scattering depolarization me?surements is made. 

I 
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THE CALCULATION OF THE PRINCIPAL POLARIZABILITIES OF POLYMER CHAINS I# 

Richard S» Stein 
Contribution from tho Dept. of Chemistry 

University of Massachusetts 
Amherst, Massachusetts 

Introduction 

The calculation of the polarizabilities of simple molecules has 

been treated in several pr.pors (1, 2, 3» h,  5). Most of this work has 

utilized the Silberstein theory for calculating the interactions of 

polarizabilities of neighboring atoms (6). Denbigh (7) has recently 

shown that it is possible to formulate a table of bond polarizabilities 

in which both the polarizabilities of a bond along and perpendicular 

to the bond axis are given. Those are calculated from light scattering 

depolarization and Kerr effect data on simple molecules. The use of 

these bond polarizabilities has greatly facilitated the calculation 

of the principal polarizabilities of covalently bonded organic molecules. 

The calculation of the principal polarizabilities of a long chain 

organic molecule has been discussed by VJ. Kuhn (8) and L. R. G. Treloar 

(9)» They use a model in which the actual polymer chain is replaced 

by *n idealized chain consisting of so-called "statistical segments". 

These segments are thought of as being rigid (having no internal motion) 

and being freely orienting. Th?t is, each statistical segment is thought 

to be connected to the adjoining segmonts by a joint which is completely 

flexible (like e ball and socket joint) so that tho angle, 8, between 

2 statistical segments mey assume any value between 0 and 27T radians. 

•This work is supported in part by the Offico of Naval Research, 



It is assumed that the chain ends as held fixed a distance R apart, and 

that intermediate parts of the chain are free to randomly assume all 

possible configurations consistent with this restriction. The segment 

is assigned polarizabilities, b. and b2 along and perpendicular to 

the segment axis. Neglecting steric hindrance between segments, an 

eouation is derived rel?ting the principal polarizabilities of a 

polymer molecule to that of its segments. 

where M ,t is the everage polarizability of the chain (consisting of 

n statistical segments, each of length a) along the line joining chain 

ends, and  Uj. is the average polarizability perpendicular to this 

direction. (See Fig. 1). 

Figure 1: The Statistical Chain and i«s Polarizabilities 

It has been shown (10) for an unconstrained chain, thrt the average 

squrre distance between chain ends is given by 

( &      =   na2 (2) 



( 
IT one assumes that the unconstrained chain is held at this length* 

so that 

I2 = P.2 

then 

IT, - It = | ("i - »a> 3eg. »> ! 

Then, if one sums the polarizabilities of all chains constituting 

a crosslinked high polymer consisting of ideal chains of this type 

which has been stretched by a factor X (length is c< times the unstretched 

length) then the difference between the poIfrizability of the polymer 

sample along and perpendicular to the stretching direction is 

(5) 

whice n is the average refractive index, and N is the number of 

"crosslinking points" at which chains pre joined together. 

The quantity, A is defined as the birefringence of the polymer. 

By using the same sort of essumpti-vS, Kuhn (11) and others 

(12, 13, Hi, 1$) have calculated the tensile stress, Or,  on a stretched 

ideal rubber. This is 

Or = Nckt (o^-±) (6) 

•It may be shown that if one doos not make this assunption, but averages 
ovor all possiblo values of R for the unconstrained ohain, one arrives 
at the same result. 

p1-p2 =   ^(brb2)(c^i) a) ; 
i 

Using the Lorenz - Lorentz relationship, the difference between the 

refractive indeces in these two directions is 
i 

I 
Ok.   *   ni - ru «   CnM-2)2 Zir    N (b,  - b,) (*'- 1  ) 
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whre k is Boltsnanns constant and T is the absolute temperature. 0*   is 

in units of dynes per square centimeter of attained •Mssoctionel 

area.*  Thus, the stress - optional coefficient would be 

B =£» 2TT (n2-2)2 (fr - b») 
* *   1ST kiv ' "" (7) 

This quantity is independent of elongation and number of crosslink- 

ing points.    Therefore, by measuring B and n, (b^ - bg) may be determined. 

Values for this quantity for several polymers have been tabulated by 

Stein end Tobolsky (16). 

The next problem is to relate this quantity to the properties of 

the chain itself.    The birefringence of this hypothetical statistical 

segment must be related to the polrrizabilitics and configuration of 

the bonds constituting the polymer. 

One approach to this problem which was m?de by Treloar (17) is 

to calculate the birefringence of the monomer unit Z^m(defined as 

the difference between the refractive index of tho monomer unit along 

the axis of symmetry of the monomer and the averrge monomer refractive 

index perpendiculer to this direction^    Tho polymer chain may then be 

characterized by a parameter* Z, defined as 

—5;— <8> 
Z may be regarded as a measure of the number of monomer units per 

statistical segment.    It is a function oft 

a) The amount of internal rotation within a monomer unit. 

b) The angle and degree of freo rotation occurring ?bout the bond 

joining thenoroaore together. 

i 
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c) Steric factors effecting chain rigidity. 

Thus, Z is principally a function of the stiffness of the chain. Values 

of this parameter have been calculated by Treloar for Hevea rubber end 

by Stein end Tobolsky (16) for other polymers. 

It would be de8irnblo to be able to characterize the polymer 

chain in greater detail than is possible by this rrther poorly defined 

parpmeter. For example, it would be desirrble to be rblo to calculate 

from birefringence mersurements, the ratio.    ^/RQ        ( where RQ is 

the mean-square end-to-end length on the basis of ideal chain statistics 

with free rotation *bout all bonds, es well es other properties of 

polymer chrins. This would enable one to conprre ch?in dimensions de- 

termined in this rarnncr with those determined by other techniques. In 

this manner, it would be possible to conprre for example, the r.m.s. 

length of a chain in solution with its length in the solid polymer. 

This would be of groat help in the understending of the properties of 

solid polymers. 

A Model for Calculating the Birefringence of a Simple Polymer Chain 

The method which we shall follow is very similar to that used by 

King (18) in his calculation of sone of the properties of polymer 

chains. He has been able to carry out his calculations of R^ for 

rather long chains using punched cerd computing machinery. Our cal- 

culations of R^ should chock with his and »«r-just incidental to the 

birefringence calculation. 

For the preliminary calculation, a very simple chain model will 

be considered, consisting of only carbon atoms joined together in a 

linear chain. The (c-c) bonds will be at the usuel tetrrhedral angle 

i 
i 
i 
I 
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with eaoh other.    In the first consideration, side groups will be 

neglected.    It is hoped that these shall bo included in future 

calculations. 

Figure 2i    Confi^rations about o c-c bond. 

 j   / 

in plane **\  sJf+ 

As is known (19), rotation about the (c-c) bond is restricted. 

There are three equilibrium positions (Fig. 2), the trans, and two 

"gauch". As a first approximation one might consider the case in which 

all these positions are equally probable. Then one might consider the 

more realistic situation in which the trans is more probable than 

the gcuch. The potentipl is such thrt at ell but very high temperatures, 

most time is spent in the equilibrium positions, so that in considering 

properties like birefringence that depend upon averages over all con- 

figurations, it is e  very good approximation to assume that the bonds 

are only found in these equilibrium positions. 

The height of the barrier restricing rot-tion is about 3000 cal/molo. 

At room temperature, the probability of finding a c-c bond at an equili- 

brium position will be exp (3000/RT) or 150 times that of finding it 

half way in between two equilibrium positions. 
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Let the i  bond be represented by a vector 0£ of length j/T •• 

If we locate these vectors with respect to a right handed cartesian 

coordinate system (Fig* 3)/assume thrt the first bond makes equal carles 

with all three coordinate axes, then its coordinates will be (1,1,1). 

Then is the second bond vector. O?, is to be at a tetrahedrol angle 

to the first, and the second bond is in an equilibrium position, 

its coordinates must be either (T,l,l), (1,1,1) or (1,1,T). Thus, 

as has been shown by Tobolsky, Powell, and Eyring (20), the end points 

of all of these vectors will fall on the lattice points of a diamond 

lattice, and the possible projections of any vector will each be either 

(•• 1) or («&) and the signs may be obtained from the three projections 

of the preceding vector by chainging the sign of one and only one 

of the coordinates of the remaining (N-2) vectors. 

The so-called displacement vector, R, of the chain connecting the 

first carbon atom with the last is then given by the vector sum 

^ (9) 

where */ IjT is the bond length of a )c-c) bond.    The square of the 

length of the displacement vector is 

R2   =   R.R   *  £    (l -r ^lllTr   *j)) (10) 

Applying the statistics of the diamond lattice, Tobolsky, Powell, and 

Eyring derive an equation (20) for a tetrahedral lattice from which 

one may obtain the equation for JJ2 

Figure 3i The Coordinate System. 
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v *2 = s 3 rwipl 2f'xg& (N-P-O' [p-\)i up-^Hdi) 
C.^7'  Vy=, T1^ (p^)!(N-p-x)!Y»(x-l)» 'J 

The calculrtion of the polarizability of a polymer chain follows 

th 
somewhat similar lines. If the i  bond having polarizabilities b^ 

and bo lies ?t the polcr envies 9S and 0 vrith respect to the coordinate 

axes (Fig. $9,  the contribution of this bond to the polarizabilities 

along the coordinate axes are (7) 

( 

(?x)± = bx cos2 *±   t   b2 
6in2 di 

- (b^ - b2) cos ©if-b2 

(Py)i • (bx - b2) sin^ cos2^itb2 

= (b^ - bpjcoa2^ - (b^ - b2) COS^JCOS
2
^ +• b2 

(Pz) 
z (bx - b^ain^^^i f b2 

= (bx - b2)jij?6i - (b]_ - b2) ens 9iflt£6i+b2 

(12) 

(13) 

(Hi) 

The coordinate system may be chosen so that the X axis lies clong 

the displacement vector of the chpin.    The tot-1 pol&rizabiiity of the 

chain may then bo found by summing the polarizabilities of the constituent 

bonds.    The average polarizabilities are then found by averaging over 

© and (j), eg.   
~f -^^_—    s    Oh  -b„) ^"cos^i +rfr2 (15) 

) |± =   £(Pvi)    =   (bx - b2)     <T cos^i 
(16) 

-   (bx - b2)       ^*   cosVjeos2^   ^-v»b2 
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If the chain is symmetrically disposed about the displacement vector, 

then all values of ft will be equalV probable and 

cos* P   •   l-\ 

so 
^     1 (bj - t^) 2cos^t     +   «l(Hi"b2) (17) 

and 

TT,-iTi. "i <bi - b
2> (3 ^ cos^ -n> (18) 

Thus, the calculation of the polarisability of the chain is dependent 

on t he calculation of   j? cos2©^. 

Nor from the definition of the sealer product of two vectors 

(T±. R « |*i|IR| cosdi (19) 

so 

and 

cos2*! ?    (gj»R)2 s       (Ot.R)2 

TBHW"- YRT- (2D) 

<r«s2Sr      x   ^   («. ft)* 
V %      * =Q (21) 

TR2^ 
* 

where R is given by oq (9).    This sura must be averaged over all possible 

combinations of <T£'s possible for the chain. 

The Numerical Evaluation of Q 

Q may be evelu?tcd, at least for short chpins, as is illustrated 

in the following example} 
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Results of Preliminary Calculations 

3 has been calculated to date for carbon chains up to 7 bonds 

(8 atoms) in length. The results of these calculations are summarised 

in Table II. She quantity ("Hj,- T\)/(bi ba)cc is the ratic of the 

polar!lability difference of the chain to that of the c-e bond. This 

is equal to * (3Q-n) according to equation (18), 
2 

She quantity (bx -ba)  /(bj -bjjp^. in the next column is 

the ratio of the polorilability differences of the statistic?! 

Table II 

The So suita of Preliminary Polarisabillty Calculations 
-1 

5 
 1 

No. of config- , 
urations 

« 

| --j r 

liilbiU-2 (I2) 

1 1.00 1 1.00 1.00 1.667 3 S 

2 1.33 1 1.33 .99 1.65 8 12 

3 4.75 3 1.58 .87 1.45 13.7 18 

4 16.86 9 1.87 .80 1.33 19.6 24 

5 58.64 27 2.17 .76 1.27 25.1 30 

6 194.06 81 2.40 .60 1.00     J31.3 36 

segment to that of the e-c bond. It is obtained by dividing 

(TT,l-T[x)/(l>1-b8)ec by 

(hx-baJgeg 
3 
5 

(from equation (3)). If one assumes that no internal motion occurs 

within a statistical segment, this quantity ought to be proportional to 

the number of c-c bonds por statistical segment. The statistical 
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thoory would prodict that this quantity should ho a constant for long 

chains. It is vlattod against n in Pis. (4), It is obvious that for 

tho short chaina considered hero. thi3 is rot so. The cnTccl-it Ian nust 

ho carried out for grcator values of n in order to tee-*- t.t'p I^roothosis 

and dctorotno th constant. This is being dono at pros-T.t r>z*  tho 

rosults will ho includod in a lator report. 

Wguro 4? Tho Tariatton of Q and (bx -ba)c0£/(b* .~ba)c-.c 

with n 

Q c c 

In tho preceding discussion, it was nssunod that the throo 

equilibrium positions of rotation about tho c-c bond wero equally 

probable. This is not so, for tho trans or the gouch positions nay 

be more probable dopending upon chain substituonts. In tho case of a 

I 
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hydrocarbon chain, it has been shown thrt the trans is more probable. 

The result of this is that the chain will be more stretched out than 

in tfce "equal probability" case.    Both R   and the chain polarizabilities 

will be affected. 

It has been shcnrr. by W\  J,  T.-ylor (21) and others that tho 

potential energy accompanying rotrtion about a c-c bond may be described 

as a function of the rngle 6 describing the rotation by an equation 

of the form 

V (*) - 1 Vm |   X(l - cos d)f (1 - X)  (1 - cos 3J>)] (22) 

where for normal paraffin hydrocarbons X = .26and Vm = U100 cal/mole. 

For long chains confining n bortfs of length a, Taylor shows 

that 

R2 » na2 Tl + cos© "1 Tn-b"! 
j_i - cos© J rr^Fj (23) 

where 9 is the valence angle between bonds of the chain and b is the 

average value of COOT which is calculated from 

b = Ja 
cosf e d<b m 

re -VI',/KT dd, 
By combining equations (22) and (2b), fay lor is able to obtain a plot 

of  1 -j- b  against Vm/Rt which is useful for calculating tho dependency 
1 - b 

of the dimensions of r  polymer chain on the potential opposing rotation. 

By applying these concepts t-> our model for calculating polariza- 

bilities, the effect of restricted rotation upon these may be calculated. 

In this calcuation, it is assumed, as before that the bond spends most 

of its time in one of the three rotational equilibrium positions, so 
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that only these need bo considered. 

Suppose that the energies of the trans and tho gsuch positions ara 

V and V respectively. These correspond to f  = 0° and 6 • 120° end 

may be calculated from eq (22) 

V. • 0 
1 (25) 

V. • 1 Vn (X(l - cos 120°) = .75VmX 
g 1 

The total energy of a chain may be characterized by the number of 

peirs of alternate bond.*- which are in the trans configuration with re- 

spect to each other (n^). The number of pairs in the gauch configura- 

tion is then 

ng - (n - 2) - nt (26) 

since the total number of slternatc pairs is n-2, n being the number 

of bonds in the chain. 

The total conflgurational energy of a configuration is then 

E Bnt vtfVg <27> 

The probability of a configuration is then ^iven by Boltzmen's relationship 

-E/rT      -   (ntVt   +   nv)/^ 
W = cc     .' = cc .     * * h 

u ce • o     .   " B 

t        g 

t G 
»t     (n^)"^ 

(    ' .£,*   Ws «* (36) 
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where 

For a givon value of n, wg   will be tho same for all configurations 

and will be included in the normalizing onsttnt, X , as *    n 

where 

0 

.75\/wv/Rr 

In calculating R* and Q, the confi.^urations must be weighted with 

these probability factors,thus 

R»- £>^ -pg£ 
;•   ' 7 ^V (30) 

av\< 

(3D 

The subscript i refers to the j  configuration, ?nd the sum is over all 

3   configuration*. Eq (31) reduces to eq (21) in the linit where 

\xK~Wy 

The value of n   for a given configuration is readily obt?ined by 

inspection of the coordinates of the (T *s.    A group of 3 0* »s will 

ropresent a trans configuration of the coordinates if the first and 

third are the sane.    One need merely count the number of groupings of 

this type in a nivcn confirurption.    For example, referring to 

\ 
I 



eoftflgar&t'lcm; >& in tahle t/AJ and O3 have tho somo coordinates as do 

Oja and G£.    therefore, a^ * 2 :Cov thip configuration,,    OLio values of 

n^ for the itsricua configurations for n « 4 ?.re lintei in fchs last 

column of this table.-. 

The calculation of % with restricted rotation mi^tt To tliustrated 

In this case of n =4.    In tho abscDeo ox prefarred orientation, whore 

Qk —kL* $ i8 obtained by averaging the (0£«:a)"-'/3Br valusc-, nnd was 

found to ho 1*87. 

Consider tho caso in which tho trons configuration is twice as 

prohalfto as tho gauoh.    Shis corrosponds to (7g - Tt)/HT * .69,    Then 

using ea> (31) 

22 x 2.66 k 4 {& x 2*22 * 4 (2^ 11.33)     fc   9 lft 

22 + 4 x2l • 4 xS° 

Tho calculation has hoen carried out for n = 6 for several values 

of C^tAg)*   Thoso aro presented In Table III* 

""•able III 

H/^e) IB"*!. 
BT »2 

% 

7T7, -   *Y 

(** - *a>cc 
l 0 31.3 2.40 •60 

2 

4 

.69 

1.38 

41.0 

61.1 

2.86 

3.24          1 

1.29 

1.86 

10 2.30 61.5 3.61          j 2.42 

<Ou «%           | 72 4.00         | 3.00 

As can be soon, as tho energy difforonco oo*woon tho gauch and 

trans positions lncroasos, tho chain tends to ho more stretched out, 
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so that both its Rc and its polarizability difference increases. The 

values for (\^/i*i) * OO  correspond to the completely stretched out 

chain. It is apparent that the meajureraent of the polarizability 

difference of a chcin of a given size could serve as a me? sure of tb» 

restricted rotation potential The drta of Tcble III are plotted in 

Fig (5). 

Figure 5» A Plot of the Data of Table III. 

£*  
**>t./vJ r Comparison with Experiment 

The two usual methods for studyin« thu electric anisotropy of a 

snail molecule are measurements of (a), the Kerr Effect (22, 23, 2U), and 

(b), the depolrrization of scattered light (25, 26). 

The data for the latter method seems more complete end will be 

<" 
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used in tho present comparison. 

If ligh*. lo scattered "bj a gas consisting of isotroplc molecules, 

It ought to DC oc3o"si;cl7 pl'ir.o polarised \2?)m      £? tlie aolocroles are 

anlsotropic, polarisation will not to co-nplete, and tho uo^ol^jization 

nay be defined as 

O *  Intensity of Eorigontilir Vclarisc*3- right    (3<0 
Intensity of Vertically PoXarized light 

(She horizontal plane is a plane containing the paths of the incident 

and scattorod rays). 

This ratio is measured, using unpolarizod incident light and 

o 
measuring the seattoring at an angle of 90 from tho incident light beam. 

Xrlshnan has shown (26) that for snail molecules, P  rary be re- 

lated to the polarlsability difference of the /scattering molecule by 

the relationships 

i -  fa ->^ m 

where  k -    S f (ft) 
c      6 - 7f> 

whore oC, and °^x arc the prinoipal polar!sabllltios parallel and per* 

pondioulnr to the axis of tymnet «ar of a eylAndrically syacetrical 

noleculo.   Taluos of these quantities for a large number of molecules 

have boom compiled by Onbannss (25) (29). Shoy havo boon modified by 

ShagaTentos (28) on the basis of more rooent aoasuremonts by Parthasaratfcfr 

(30)# inmthakrlslcitfi (a*) and Tolksaam (S3, SS)« TnXues of R for 
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n paraffin hydrocarbons from othane to octono which wore adoptod by 

Cabannes as veil as tho so called most probable^nluos adopted by Bhaga*- 

vnntan aro listed in Table IT. 

(^ x "*" 2 *a) is sickly throe timos tho avorago bond polarizability, 

and valueqbf this quantity (calculated from molar refraction data (7)) 

ore listed in Table IV. 

(cv x  - cJa) vnluos calculated frpc both sets of^'s are also 

listed. The author has sonevhat nore faith in tho values calculated 

fron Cabannos's c  's. Tho reason is apparent upon examining TaMo 7 

in which (oS\ -cya) for ethane dotornined by several workers by diff- 

erent nethods is . llstod. It would soon that the value adapted by 

Bhagavontam is somewhat out of line with othor independent deter- 

minations. In viow of this uncertainty, howovor, it would soon nsj 

though thoro would be a possiblo orror in the experimental valuos of 

(ot x - o/a)  of at least • 10^ 

In ordor to compare tho oxporimontally noasurod difforonco of 

principal polnrizabilitloa with theory, it is necessary tc be ablo 

to calculate tho principal polarizability of oach coaf iguration. 

Tho experimental quantity (ctx  « cxa) is thon idontifiod with the 

avorago of those. 

Tho polarizability of a molcculo along any axis i^a.7 bo calculated. 

Tor on anieotropic noloculo, its valuo will depend upon tho rolativo 

diroction of the axis. For somo particular diroction, tho polarizability 

will bo a maxinum, and is eallod a principal polarizability •> x» 

7or a cylindrically syunotrical molecule, tho polarizability in any 

diroction perpendicular to this will be tho sane and is tho socond 

i 
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Source *,xlO• o^x 1C?? 
1                              > 

(^ -«i ) x ioa»  ; 

De^olarizckt/ion 
(H.A. Stuafct, Molekul- 
struktur (29;) 

56 la 

1 

i 

16 
1 

Eerr Constant (Stuart 
& Volknan (193UK33)) 

$6.$ 39.7 16.8 

Kerr Constant (Breaaeale 55.U ijo.3 15.1 

Depolarization 
(Ananthakrishnan)(1935) 
(30)(value adopted by 
Bhagavantam)) 

5i.o 12.5 8.5 

principal polorisablllty, or,. 

In order to determine this axis of naxirnin polarisr.bility, It is 

necessary to calculate the polarisabllity as a function of the direction 

of the axis. If M is a vector along the axis and 6^ is the angle 

"between the i  bond of type k and this vector, the avcr.Tgo difference 

between principal polarilabilities will bo givan as In eolation (18) by 

(The index, k, indlcr.tos tho typo of bond, og. (o-c), (c-K), etc.). ©10 

average is ovor all configurations. Then 

( 

~i(jVe. ^,-bs)t_c t- ,vH(h,- b4)t.H]) 
/«M 

W 'ln'fc 
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the sun being tnkon over all C-C bonds In a given configuration, 

and 

tho sun boing token over all C-H bonds* 

n^gOnd n
0m^   aTC  *ftc nunbor of (C-C) and (C-H) bonds in the noloculo • 

Assuno that the coordinates of M arc (1,7;*).  (Obly 2 ooordinatos 

need be taken as variablo sinco only tho direction of 14 need bo 

doteroinod. Its length is arbitrary.) 

<fc nay then bo calculated for any configuration. ?or illustration, 

consider the case of pontano in configuration No* 2 of Table I. ?ron 

Denbigh (7) wo have 

Bond  - bx x 1025 

C~C 

I C-H 

18.8 

7.9 

bfl z 10 
26 

0.2 

5.8 

(T>i - ba) x 1025 

18.6 

2.1 

Thoroforo, sinco n^_^ - 4 and n~ = 12 

(«-x - =*a)x 10
25 - 27,9 qM(C-C) • 3.2 %((j-H) - 4S-8 

Tho values of y and z giving riso to a direction of K corresponding 

to a nnxiann polarisability difforonco t\re then found by partial 

differentiation with rospoct to y and % and sotting the dorivatlvos 

equal to eero. 

x 1026 « 0 « 27.9 -^<C"C) • 3.2* 3tfOJ) 
^y hY 

(34a) 
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and 

3 (<*!- o'a) x 1026 = 0 - 27.9 j Q^^.2     3Q„(t,Mt      (34b) 

In Piguro 5a, a dirgrrxi for configuration Ho.2 of pontnne is 

given in which tho coordinateo for the 0" »s for oil of the bonds 

ore indicated. 

H* >   Ho, Mp_ 

Ticuro 5a 

(A discussion of tho nothod for the doter .irirtio:: of tho 9* 's 

for the (C-H) b nde Is to bo found on pr^os 30 to 34) 

The four 0^ *s are (Ul)t (ill), (111^ nnd (ill). Therefore 

O -  [("/)(.y2.Q%jjnr)(t/z)3\^0.(,y2>lz1.[(,7.)-(iyz'}1 

VM(c-c) 3[i*>l+**3 

3>[ ityl+zl) 

4^ +  ±   y-Hz 
3 3   i+y^z1 
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Thou 

^y 3        (>tylrz1)' 

nnd 

Bxe ^'s for the  (G~EJ "bonds aro found in n sinilnr wny,  sunning over 

tho tvolvovj's for these bonds. 

O =- A. ( j -   2.     ytz \ 

P   WK)(CH)  -   -g      (»- y^4 Z2- 2/2Ny 

^ 9lli,f ft   d + Z^zllzllll 

Thon o<ju.ition (34o.) gives 

Since tho denominator is not infinite, 

(1 - y2 • «2 - 2ys) » 0 

Similarly, fron Bg. (3-ib) ono gots 

(1 • y2 - x2 - 2^*) e 0 

The values for 7 and z  corresponding to tho sinultanoous solution of 

those oquctions aro tho coordinates dotomining M for nnxinuD (or. 

aiaiO'Jn) polorlsability* Theso aro: 

7»l» 0 2 12 
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Config. No* Coordinates 
of M 

QM(C-C) QM(C-H) 

xlOa» 

1 ( 1, 1, 0 ) 2*66 1.33 28.9 

2 ( 1, V2/2, Jl/V 2.27 2.12 20.3 

3 ( 1, <%    1) 2.27 2.12 20.3 

U isotropic 1*33 U.00 0 

$ ( 1, j272,./2/2) 2.27 2.12 20.3 

6 ( 1, ft,    1) 2.27 2.12 20.3 

7 iaotropic 1.33 U.00 0 

8 (i, /2V2, vrr/2> 2.27 2.12 20.3 

1          9 ( 1,    /a, -4) 2.27 2.12 20.3 

Thus, N * (l, 52/2* T2/2),  and the fy*s for this configuration are: 

%(<TC) e 2«3? 

<*4<C-H) M 2'12 

Then for this configur**ton (<x x ~ <* a) = 30»3 x 10" 

This proceduro nuot ho corriod through for each configuration, and 

the results nust ho averaged to ohtain (o/
1 - c/a). This has hoon 

done for pontano. Tho results nro sunnarisod in Tahlo Va. 

Tho average (o^1 - o/2) for tho caso in which all configurations 

aro voighted squally is listed in tho colunn of Tahlo XV lahclod 

((Vj - Va) (froo rot.). It is soen that the oalculatod value is 

far ahovo tho oxporinontal and voll outside tho #«tir.r.tod orror 

(ahout jfc (Oftfor oach). This would lndicato thr.t the chains aro noro 

strotchod out than »fould ho oxpoctod for "froo rotation". 
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In order to take Into account restricted rotntionf one oast weight 

trans configurations noro heavily using a nodification of equation (31) 

Using the constants in oquation (22) which Taylor assigns for paraffin 

chains, one finds that the energy of tho trans position is 800 cal./nolo 

loss than that for tho gaueh* Fron oquation (29) one any then oalculato 

k> t    800/HT 
—  =o     » 3.8 

for T « 300 r* The vnluos of (<*!- <Va) which wore calculated fron 

this are listod in the next colunn of Table 17* Tho;- aro still a 

appreciably snallor than tho oxporlnentol vnluos* 

The conclusion which nust ho drawn fron our interpretation of 

this data is that tho paraffin chains arc noro stretched out than 

would he prodictod fron statistical thoory. 

Shis Is in contradiction to tho findings of KcCoubrcy, McCroa, 

and Ubbolohdo who have studlod tho dinonsions of those conpounds by 

noosuring the viscosity of thoir vapors* Thoy intorprot tholr data 

as indicating that tho "n-poraffins occupy a voluno corresponding to 

coiling into close packod configurations". They also find fron tho 

tonperature dependency of gas viscosity that tho noloculos soon to 
i 

slightly incroaso in siso with increasing tocporature instead of 

decreasing as would bo oxpoctod fron tho Taylor potential* , 

It is suggested that a neasuronont of tho tonperaturo dependency 

J 
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of either tho depolarization factor or tho lorr constant for thoso 

n-paraffins would be of use in deciding whether the dlncnsicns of 

tho oolooulo actually do increoso or docreoso with incrooslfj 

tonporaturo. 

Son© possible reasons for tho apparent inndoowvey of the 

statistical theory oro: 

(1) The potential for rotation about tho c-c bond is not corroct, 

(2) Sono configurations are ozcludod beoauso of storic effects* 

(3) Intor-cticoio botvoen noro dlotarit ports of the chain have 

been neglocted. 

tJbbolohdo has considered sono other shapes for tho potential 

energy function than that of equation (22) which would giro loss 

tonporaturo dependency of B (36). It would soon, however, that 

tho potential energy function cannot bo greatly nodifiod and still 

givo consistent ogroouont with thorcodynanio, dipolc noncnt, spec— 

troscopic, and other data. This possibility, howovor, should be 

investigotod furthor, both thoorotically and oxporiaontally. 

If storic offocts aro taken into account, tho;- aro certainly 

going to nodify tho thoory. Tho oxcludod configurations aro going 

to bo noro tightly coiled onos, so that thoir onissioh will 

result in a larger S and largor polarizobility difforonco. 

Tho third factor, interaction botwocn distant portions of tho 

chain, soens nost promising. It would soon that van dor Wools 

attraction would favor tlio noro tightly coiled configurations. 

Tho tonporaturo dependency of this offect would bo in tho opposite 

directionfron that of rostrictod rotation. However, van dor Wools 
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repulsion between hydrogens which are rery close would produce the 

opposite effoct. 

fttf.Hr mnrtr-Anna nnd  Interaction Between ZMatnnt Portion, of |hj CHAIH 

In order to considor theeo effects, It is necessary to include 

the hydrogens as woll as the cnrbons in tho chain nodol.    This nay 

ho rendily done if ono nakos the approximation (as has been done by King 

(18)) that tho length of tho C-C and the C-E bonds ore the sane. 
o o 

Actually they oro 1*54 A and 1.09 A respectively,    fly doing this, both 

tho hydrogons and tho carbons will lie on totrahodrnl lattice points, 

and distancos between tho hydrogons nay bo readily calculated.    In 

oases where the intoraction energy is critically dependent upon the 

distance, we shall soo that it is possible to corroct for this 

approzinat ion* 

figure 6:    The Irurjbcring of tho Atons in Fentano* 

HA,   HRl    Mtt   HP|  h*> 

K, HBI  K. hL H« 

w*o shall consider tho interactions occuritv; in uontano. Vc 

shall identify tho cr.rbon and hydrogon ntons by tho synbols Indicated 

in Figure (6). The coordinates of possible lnttico vectors connecting 

a carbon with its hydro:;ons nay be obtained fron tho coordinates of 

the voctor connoctin,; the carbon with tho preceding one by the sane 

rulos as woro prcviousl:' introduced on page (9), Tor oxnnple, supposo 
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the coordinates of O3" connecting C0 with CJJ ore (ill)* Tho possible 

coordinates of 0£ connecting 0- with C_ are then (ill), (ill), or (ill). 

In tho configuration in whichOi *s ^311), (Configuration Ho. 4 of 

Table I), tho rominin.7 possibilities for vectors connocting Cp with 

Its two hydrogens, Hj^ rnd E32 oxo (ill) nnd (ill). The coordinrtos 

of any aton of tho chain with rospoct to the origin (which, as before, 

is token as carbon aton CA) are tho conpononts of the vector leading 

fron the origin to tho aton. Thf.s is qual tc tho sir., of all of the 

bond vectors connecting Ci with tho aton. For oxmrplo, for aton Egg 

In tie above configuration, this will bo 

0i+C5*05 + O5a«= (111) • (111) + (ill) + (111) = (422) 

Tho coordinates of all of tho aton.s in tho nine configurations of 

pentano are listed in Tablo VI, whilo thoso for tho trans nnd ono 

of tho gauch configurations of butono oro given in Table 71 a. 

(It is not nocossay to consider the socond gauch configuration as 

it is a nlrror large of tho first**) 

Any configuration in which two atons have the sane coordinates 

is prohibltod. This occurs in configurations nuubor 6 rnd 8. 

I n order to take into account tho interactions "between tho atons 

in tho renainlng configurations, the distances betwoon thor. oust bo 

known. The coordinates of tho vector connocting any two atons nay 

bo found by subtracting tho coordinates of the first fron thoso of 

tho second. For oxanplc, the voctor connocting atons %^ and H33 

in configuration 4 of pentano has tho coordinates (511)-(822) = 

(535). Tho squaro of the longth of this voctor is tb n tho sun of 

tho squaros of tho conpononts, which is 43* 
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Slnoo tho hydrogen atons will approach each other nufth nore closely 

than do the carbons, tho interactions botween these will bo of principal 

inportanco, and will ho tho only ones considered hero* The squares of 

the lengths of the vectors connecting all pairs of hydrogens in butane 

are given for the two configurations in Tablo 71 b. Distances aro 

given in lnttlco units in which the (C-C) bond has a length of J3. 

B2 in(ang8troas)2 nay be obtainod by nultlplying by (1.54)2/3. 

Distances botwoon hydrogens an atons A and B end those on atoas 

C and 0 are not given because the sane sot of distancos occur in all 

configurations (bocauso of tho sTanetry of tho CH3 t7roups) so that 

no differences in interaction occur. 

Distancos between hydro ;ona on atons B and D are not given 

because (by symetv;-) thoy will bo tho sane as those botwoon hydrogens 

on atons A end C so that thoso nay bo included twice 

On carrying out tho sane process for pontano, ono finds thr.t 

nine configurations fall into ono of four dassos: 

Class (a) —— Configuration No, 1 

Class (b) —— Configurations No. 2," 3, 5, and 9 

Class (c) —— Configurations So. 4 rod 7 

Class (d)   Configurations No. 6 and 8 

All configurations within a givon class havo tho sono sot of B2's 

and have tho sono interaction energy. Class (d) is that of tho 

excluded configurations (which nood not DO considorod) in which 

two hydrogons would occupy tho snno lattico site. In Tablo VII, 

B 's aro givon for ono nonbor of oach pornittod class. 

J 
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Tnble 711 • 

\ Atom Pair R» for ConfiR. No. Atci Pair H*  f«w P.ra\t\o-   M«. 
1 2 1 2 k 

Al-Cl 2U 2U 2k Bl-Dl 8 8 2k 
A1-C2 2U 2k y.\ B1-JD2 16 24 32 
A2-C1 16 16 16 B2J)1 16 16 16 
A2-C2 8 8 2k B2-D2 6 2k 24 
A3-C1 8 8 8 Al-El 56 2k 16 
A3-C2 16 16 2k A1-E2 56    56 10 ci-si 8 2k 24 A1-E3 76     10 10 
C1-B2 16 32 24 A2-E1 10     14 8 
C1-E3 2k 2k 32 A2-*2 32 a 21* 
C2-B1 16 16 16 A2-E3 56 2k 16 
C2-E2 6 2k 8 A3-EL 32 32 24 
C2-E3 2k 8 2k A3-E2 10 56 10 
Al-Dl 35 35 19 A3-83 56 10 10 
A1-D2 35 51 43 Bl-Cl 11 11 11 
A2-D1 35 35 3 B1-C2 i 19 19 u 
A2-D2 27 35 19 B2-C1 ! 19   i 19 19 
A3-01 27 27 11 B2-C2 ! ii :ii 11 

• A3-D2 35 35 27 Cl-01 u In 11 
Bl-El 27 11 19 C1-D2 19   ill 11 
B1-E2 1  35 27 27 C2-01 19 19 19 
B1-B3 35 27 43 C2-D2 11 11 11 
B2-E1 35 3 3 
B2-E2 27 19 11 
B2-E3 i 35 11 19 * 

/ 
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Table VIII 

Substance 
i 

No« -if configurations with steric energy 

Butane 

0 a i  2a 3a U *a CO 

1 2 0 0 0 0 0 

Pentane 1 h 2 0 0 0 2 

Hexane 1 6 8 
i 

2 0 0 10 

Heptane 1 8 1 18 12 2 0 10 

Octane 1 10 ! 32 38 | 16   2 lUh 

^Reproduced from K. Pitzer, J. Chem. Phys., 8, 711 (1910). 

i 

This classification is sinilar to that undo by Pitsor (37). Tnblo 

Till Is reproduced froa his pnpor. 1^ (steric) = 0 corresponds to the 

strotched out configuration Z±  = a corresponds to one lattico distanco 

interaction, % = 2a, to 2 interactions per confitsurr.tior., otc* 

1^ sec corrosponds to n prohibited confi.^urfition. The nunber of 

interactions was dotcralnod by Pitzor by oxnninin,; a nodcl. Our 

nothod is soaowhat noro satisfactory becauso: 

a) Wo nave available sirailtanoously, the steric oncr^', tho 

valuo of B2 (^ctv;cca cuds) and tho valuo of 2_ (0^»H) /3R2 for oach 

configuration, so that uc aay obtain voi,;htod avora^os of H2 and Q. 

b) Table VII t'civos actual intcratonic distrocoa which pcrr.it an 

evaluation of the interaction onorcy, a, fron van dor 'Jaals force thoory. 

c) All of tho rclovrnt intoratonic distances aro «;ivon» Thus tho 

anallor interactions between othor than tho closost atons nay bo 

included to t;ivc a aore accurato valuo for tho steric or.ortjy. 
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c The calculation of the steric energy nay be made on the basis of 

a knowledge of the dependency of van dor Waals energy on interatomic 

distance. For this purpose, we have made use of the equation employed 

by Mllllcr (30) for the calculation of the lattico energy of crystals 

of the n-paraffins. 

-12 
V = - U.31 x 10 

. „ ,  ,n-10  -U.58r 4 7.7 x 10   e (35) 

I 

where* V is the interaction energy in ergs per "lolocule 

r is the distance between centers of hydrogen rtoms in Angstrom 

units. 

A plot of V(R) against R (in lattice units) is given in Figure 

(7)« It is apparent that the interaction energy becones quite high 

for R2,s less than about 6. The two smallest R *s in Table VII are 3 

and 8. It is apparent that Pitzers consideration of only the R2 = 3 

interaction is r good approxinption. 

lb 

o 
Xll 

4 

-T-- 

Figure 7t The Variation of Van dor Waals 

Energy with R2. 

"g \o    ^ i* i£ fS 2J0 u.   14" 
R1 
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The values for the sterie energies are obtained for each config- 

uration by adding the values of V(R) for all the R's. For the R2 • 3 

interaction* it is neccs-r wy l.o correct for the assumed identity of the 

C - C and C-H   bond ?.:n»ih because of the rapid Variation of v(R) 

with R in this region, t'pon doing this, one finds that the actual value 

of Ra is U.5 which corresponds to V(R) • U«5 x 10"1* ergs/ molecule or 

6$0 calories per mole. Considering the approximations involved, this is ' 

in good agreement with the value of a - 800 cal./mole which Pitse* 

found to give best agreement between experimental and theoretical 

entropies. 

In Table IX, F (the number of times a given Ra occurs in a configurat- 

ion), V(R) (corresponding to that Ra), and E (the contribution of this 

R2 interaction to the total potential) are listed. The results of this 

calculation are summarized in Table X. 

The reason for favoring the trans configuration.:! in the restricted 

rotation model is apparent from this model. The principal contribution to 

the sterie energy is the repulsive energy arising from an R* - 3 type 

interaction* It is apparent (from tables I and VII) that an interaction 

of this type occurs between the hydrogens on two carbons which are 

separated by two carbons whenever the three intervening ( C-C ) bond| 

are in a gauch configuration. The number of such interactions may 

be counted by counting the number of gauch (or trans) configurations. 

This has been pointed out by Pitser and by Taylor. It is believed that (he 

treatment used here is more satisfactory in that all of the Inter- 

actions are considered instead of just the R2 - 3 type. While thero is not 

a great difference between the results of the two methods of approach 
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Ra V(R) 
xlO14 

ergs 

BU&BK* Pentane 
i 'rana "£' i.J. #1                       #2 iU- 

P E    ! f f     E P E P H p E 

3 •U.5 0 0 
t 

I •1*5 0 0 1 •U.5 2 •9.0 

8 -0.86 U -3.UU 2 -1.72 6 -5.16 U -3.UU 3 -2.56 

11 -0.58 2 -1.16 5 -2.90 U -2.32 7 -U.06 8 -U.6U 

16 -0.21 u -0.8U 2 -0.1*2 6 -1.26 U -0.8U 5 -1.05 

19 -#.13 2 -0.26 3 -0.39 a -0.52 U -0.52 6 -0.78 

*U -O.06 U -0.2U 6 -O.36 u -0.21* | LO -0.60 10 -0.60 

27 -o.oU 2 -0.08 3 -0.12 u -0.16 j  3 -0.12 2 -0.08 

32 -0.02 0 0 2 -0^)1 2 -O.OU     2 -O.OU 3 -0.06 

35 -0.02 6 -0.12 0 0 8 -0.16 
1 

-0.08 t 0 

UO -0.01 0 0 0 0 2 -0.02 
1 
j3 -0.03 U -o.oU 

U3 -0.01 0 0 1 -0.02 0 0 !° 0 
1 

2 -0.02 

51 -0.00 1 -0.00 0 0 0 0 1 -0.00j 0 
1 

0 

56 -0.00 0 0 
1 

0 0 U -0.00 2 -0.00j 0 0 

76 -0.00 0 0 0 0 1 -0.00 > 0 0 
1 

0 0 

Total -6.1U ! -1.5 -9.88   j -5.2 i -0.9 

( 

here, the difference will become increasingly greater for longer molecules 

and those with side groups. Por these, there will be a larger number 

of forbidden configurations! also R8 - 3 type interactions can occur 

between tydrogens on carbons that are more distant than those considered 

here. These would not be included by simply counting the number of 

trans configuratior.3. 



-41 

Table X 

( 

Substance Steric Rnerzy exp[-V(steric)/RT) 
T - 25» C Krgs/nolaeule Cal./mole 

Butane 

-6.1 

-1.5 

-86€ 

- 220 l.U 

Trana 

Gauch 

Pentane 

*9#9 

-5.2 

-0.9 

Co 

-OiOO 

- 750 

-130 

* 

11.2 

3.5 

1.2 

0 

Conf. 1 

2,3,M 

6,8 

( 

The calculation of the averages of R'   and (<* f **)   la <*one by 

weighting the configurations with a Boltaman factor exp [-V(st*ric)/1tT] 

Thus t 

T"     -    £.[R4» .[ R<» exp (-V(steric)/RT) 3 
*g t   exp M(sieric}yRr  3 

J 

o 
The weighting factors for T • 25 C are listed in the last 

column cf Table X* 

The values of (^ \ -s<a) which were calculated by this means are 

listed in the last column of Table IV. These are still somewhat below the 

experimental values. 

It should be pointed out that the experimental values for aome of the 

I 
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hydrocarbons are higher titan the (o(x «- o( g) values for the completely 

stretched out configuration (27*7 for buiana eai 280° for pentane), so 

that no icethod of averaging or ifei^hi:u.g uf woaTJgurations could give 

the experimental vslun, The difficulty is evidently that the experimental 

value is too hiph» 

It would be of great interest to rbtria he :ter experimental values 

of(o(x-^a) for these and ether compound's y oither by depolarization 

or Kerr Effect., in order to better verify the correctness of these 

theoretical considerations. A knowledge af -Jaese interactions which 

govern the shape of the hydrocarbon chain vould be of direct application 

in the study of the properties of polymeric substances. 
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